DEGENERATE CHARACTERISTIC DIRECTIONS FOR MAPS 
TANGENT TO THE IDENTITY 



LIZ VIVAS 



Abstract. Let F : {C'^,0) — s- (C^,0) be a germ tangent to the identity. 
Assume F has a characteristic direction [ti]. In |Hak) Hakim gives conditions 
to guarantee the existence of an attracting basin to the origin along [v\, in 
the case of [v\ a non-degenerate characteristic direction. In this paper we give 
conditions to guarantee the existence of basins along [v] in the case of [v\ a 
degenerate characteristic direction. 



1. Introduction 

In this paper we study the local dynamics of maps tangent to the identity. 
That is, we consider of germs of holomorphic self-maps F : C" -> C" such that 
F{0) — O, where O G C" is the origin and dF{0) = Id. When n — 1 the dynamics 
is described by the celebrated Leau-Fatou flower theorem. In the case of n > 1 
recent progress has been made to understand the dynamics and significant results 
have been obtained (see, e.g., |Ab-To) , |Ab2| . [Br] |Hak) . [V\ ^ . pvfo] . jVi] ) . However, 
we are still far from understanding the complete picture. 

We investigate conditions ensuring the existence of open attracting domains to 
the fixed point for maps tangent to the identity in dimension 2. Open domains 
are related to characteristic directions (see later for definitions). Characteristic 
directions are in turn classified in three different types (Fuchsian, irregular and ap- 
parent; |Ab-Toj ). Hakim has given necessary conditions to guarantee the existence 
of basins for characteristic directions that are non-degenerate with non-vanishing 
index (a particular type of Fuchsian direction). We generalize her result for all 
Fuchsian directions: 

Theorem 1. Let F be a germ of a holomorphic self-map of (C^, O) tangent to the 
identity. Assume [v] is a degenerate characteristic direction that is Fuchsian. If the 
real part of the inverse of the index I{F, , [v] ) belongs to the region R ( see figure 
QJ), then there exists an open basin V attracted to the origin along [v\ . If F is an 
automorphism of C'^ then fl = \^ F^^{V) is biholomorphic to C^. 

j>0 

We also prove a result on the existence of basins for all irregular directions: 

Theorem 2. Let F be a germ of holomorphic self-map o/(C^,0) tangent to the 
identity. Assume [v] is a degenerate characteristic direction that is irregular. Then 
there exists an open basin V attracted to the origin along [v] . If F is an automor- 
phism o/C^ then fl = \^ F~\V) is biholomorphic to C^. 

i>a 
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We now introduce the definitions and explain how our results are related to what 
is already known. 

Let F 7^ Id be a germ of holomorphic self-map of fixing the origin and tangent 
to the identity. Let 

F{z,w) = {z,w) + Pk{z,w) + Pk+i{z,w) + . . . 

be the homogeneous expansion of F in series of homogeneous polynomials, where 
deg Pj — j (or Pj = 0) and Pk ^ 0. We say (and fix from now on) the order iy(F) 
of F is k. 

A parabolic curve for F at the origin is an injective map (/) : A — >■ C^, where 
A = {z e C; |z — 1| < 1} satisfying the following properties: 

(i) <j) is holomorphic in A, continuous on A and 0(0) = O; 

(ii) 4>{A) is invariant under F, and F"\(j){A) O as n ^ oo uniformly on A. 

Furthermore, if [^(z)] [v] S as 2 0, where [•] denotes the canonical projec- 
tion of C^\0 onto P^, we say that <j) is tangent to [v] at the origin. 

We say [v] — [vi : V2] £ P^ is a characteristic direction for F if there is A G C such 
that Pk{vi,V2) — A(ui,W2). If A 7^ 0, we say that [v\ is nondegenerate; otherwise, it 
is degenerate. 

It is easy to see that we either have infinitely many characteristic directions or 
k + 1 characteristic directions, if counted with multiplicities. In the former case we 
say the origin is dicritical; this case has been studied by Brochero-Martinez (see 

Characteristic directions arise naturally in the study of maps tangent to the 
identity due to the following fact: if there exist parabolic curves tangent to a 
direction [v] then this direction is necessarily characteristic ( IHakJ ) . 

Hakim (and Ecalle with his method of resurgence theory) proved the converse 
for nondegenerate characteristic directions: 

Theorem 3. (|Ecj; |Hak| ). Let F be a germ of holomorphic self-map of C'^ fixing 
the origin and tangent to the identity. Then for every nondegenerate characteristic 
direction [v] of F there are fc — 1 parabolic curves tangent to [v] at the origin. 

In order to give a condition on the existence of basins for a non-degenerate 
characteristic direction. Hakim defines an index (see |Hakj ) as follows: 

Let [v] = [l,Uo] be a nondegenerate characteristic direction. Write Pk — {pk,qk) 
then we have UoPfc(l,Uo) = qk{l,Uo) and pk{l,Uo) ^ 0. Define r{u) = gfc(l,u) - 
upk{l, u), we clearly have r{uo) — 0. The Hakim index is defined to be 

^.(^,H)- '^'^""^ 



Pfe(l,Uo)' 

With this definition Hakim proves: 

Theorem 4. / ]Hak] j Let F be a germ of holomorphic self-map ofC'^ fixing the ori- 
gin and tangent to the identity. Let [v] be a nondegenerate characteristic direction. 
Assume that Re{iH{F, [v])) > 0. Then there exists an open domain, in which every 
point is attracted to the origin along a trajectory tangent to [v] . 

Returning to the question of existence of parabolic curves, in the case of degen- 
erate characteristic direction, analogous results to Theorem 3 have been proven by 
Abate, Tovena, Molino. 
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Theorem 5. ( ^Ablj ) Let F be a germ of holomorphic self-map of tangent to 
the identity and such that the origin is an isolated fixed point. Then there exist ( at 
least) k — 1 parabolic curves for F at the origin. 

In order to prove this result, Abate modifies the geometry of the ambient space 
via a finite number of blow-ups and also defines a residual index Ind(i^, S,p) G C, 
where -F is a holomorphic self-map of a complex 2-manifold M which is the identity 
on a 1-dimensional submanifold S, and p € S. 

In particular, Abate proves the following for those characteristic directions whose 
residual index is not a non- negative rational number. Later, Molino generalized this 
results for maps whose residual index does not vanish, under an extra assumption 
{F regular along [v]). 

Theorem 6. ( ^Ablj . jMoj ) Let F be a germ of holomorphic self-map of (C^,0) 
tangent to the identity and such that the origin is an isolated fixed point. Let 
[v] € be a characteristic direction of F and assume F is regular along [v] with 
Ind{F,¥, [v]) ^ (where F is the blow-up of F and P is the exceptional divisor). 
Then there exist parabolic curves for F tangent to [v] at the origin. 

Examples of basins along degenerate characteristic directions have been also 
shown recently (see [Ab2] .[Vi]V Also, in a recent paper. Abate and Tovena [Ab-To| 
studied the dynamics of the time 1-map of homogeneous holomorphic vector fields. 
In their paper, they differentiate between characteristic directions: Fuchsian, simi- 
lar than non degenerate characteristic directions with non- vanishing index); appar- 
ent, degenerate directions that have, for time 1-maps of homogeneous vector fields, 
no attracting dynamics along them; and the rest, which they call irregular. 

Our Theorems 1 and 2 are therefore analogues of Theorem 4 for degenerate 
characteristic directions. 

The organization of the paper is as follows. In the next section we explain how to 
compute the index defined by Abate, and we explain the relationship between the 
index defined by Hakim and the index defined by Abate. We also explain how to 
classify the characteristic directions in apparent, Fuchsian and irregular directions. 
In Section 3 we prove the main lemmas used for the proof of the theorems. In 
Section 4 we prove Theorem 1 and in Section 5 we prove Theorem 2. Finally, in 
the last section we proved that the basins are all biholomorphic to when F is 
an automorphism. 

Acknowledgements: The author would like to thank Marco Abate, Eric Bedford 
and Han Peters for enlightening discussions about this paper. Also, deep thanks to 
Laszlo Lempert who commented on an earlier draft. 

2. Background: Abate Index and Hakim Index 

We have already explained in the last section how to compute the Hakim Index. 
Let us write this index more explicitly, in terms of the expansion of Pk — {pk, Qk)- 

Let F be our map tangent to the identity, and let [v] = [1 : 0] be a characteristic 
direction (we can do this by conjugating F with a rotation). Then 9^(1, 0) = 0. 

In terms of the expansion of Pf.: Pk{z, w) = X]i=o o,iz'^~^w^ = a^z^ -\- aiz^~^w -\- 
. . . + Ok-izw''^^ + akw'' and qk{z, w) = Yli=o biZ^~^w^ = h^z^ -\- biz'^^^w -I- . . . -|- 
bk-izw'^~^ -\- bkW^, we have gfc(l,0) = 6o = 0. 

By definition [v] is a non-degenerate characteristic direction if pfe(l, 0) = oq ^ 
and degenerate if pfe(l, 0) = ao = 0. 
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Assume [v] is a non-degenerate characteristic direction. Then we compute the 
index defined by Hakim in terms of the coefiicients ai,bi. A simple computation 
shows: 

tH{F, [v]) = . 

ao 

Now, let us explain how to compute the index defined by Abate, which is de- 
fined not only for non-degenerate characteristic directions, but for a larger class of 
characteristic directions. 

As was mentioned above, the index defined by Abate is actually defined for F, 
which is the blow-up of F at the origin. In the blow up of F, our characteristic 
direction [1 : 0] becomes a point in the exceptional divisor. 

In the chart (z, u) = (z, w/ z) for the blow-up of F we have: 

~ / zu + qk{z,zu) + qk+iiz,zu) + 

F[z,u) = z + pk{z, zu) + pk+i{z, zu) + 



z +pk{z,zu) +pk+iiz,zu) + ^ 
, k n \ , k+i n \ , ZU + z''qk{l,u) + z''+^qk+i{l,u) + 

z + z Pk(l,u) + Z ^ Pk+l[l,U) + . 



z + z'^pkil.u) + z''+'^Pk+i{l,u) + . . 
= {z + zVfc(l, u) + z''+^pk+i{l,u) + ...,u + z''-^[qk{l,u) - upk{l,u)] + 0(z'=)) . 

We obtain for ^ = (Fi, Fa): 

(1) Fi{z, u) = z + z^ [pk{l, u) + zpk+i{l,u) + 0(z2)] 

(2) F2{z,u) = u + z''-^[r{u) + 0{z)], 

where r{u) = qk{\,u) — upk{l,u). We have F{0,u) = (0, it), which means that F 
fixes the exceptional divisor. Also, the fact that [1 : 0] is a characteristic direction 
for F means that r(0) = for F. The origin is dicritical if r{u) = 0. Assume from 
now on the origin is not dicritical, i.e. r(u) ^ 0. We will make a remark at the end 
of the section about the dicritical case. 

We now explain the distinction between characteristic directions as defined by 
Abate and Tovena on |Ab-To| . If m is the lowest order degree term of pfc(l, u) and 
n is the lowest order degree term of r(u), then we have: 

a. If 1 + TO = n, we say [1 : 0] is a Fuchsian characteristic direction. 

b. If 1 + TO < n, we say [1 : 0] is an irregular characteristic direction. 

c. If 1 + TO > n or TO = oo, we say [1 : 0] is an apparent characteristic direction. 

Abate defines the index of F at the characteristic direction u = [1 : 0] (which is 
the point u = 0) as follows 

Ind(F,P\ H) = i?eso(fc(u)) 

where 

fc(^) ^ lin, F,{z,u)-z 
z^o z{F2{z,u)-u) 

In terms of pk and q^ then: 

zVfc(l,w) + 0(zfc+i) _ Pk{l,u) 



k{u) = lim 



z{z^-'^r{u) + 0{z^)) r{u) 
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Therefore 

Ind(F,pi,H)=i?eso^4^, 
r[u) 

In term of the coefficients of and 

Pk{l, u) = ao + aiu + . . . + ttku'' 

and 

r{u) = (61 - ao)u + (62 - ai)u^ + . . . + {bk - ak-i)u^ - auu'^^^ 
We define 

m := min{/i e N, a^j 7^ 0}, 
n := min{j e N, bj — aj-i ^ 0}. 

In the case of pfe = 0, then we say m = 00. Since r{u) does not vanish identically, 
we have n < cxd. 

Back to the definition of the index: 

Ind F,P\ [v]) = Reso — -— = Reso n ^ nf n\ ' 

For each of the three cases above we compute the index: 

(a) [1 : 0] is a Fuchsian direction i.e. m + 1 — n. 

(a.l) m = 0,n = 1. If m = 0, i.e. qq ^ 0, so wc have (1,0) is a non- 
degenerate characteristic direction (since pfe(l,0) = ao). 

Ind(F,P\ M) = = 

We obtain that the index defined by Abate is the inverse of the index 
defined by Hakim, if the latest is not 0. 



(a.2) m > 0, n = m + 1. 

Ind(/',P\H) = i?eso 



a\u + a1u'^ + . . . 



(61 - ao)M + (62 - a\)u^ + . . . " 



Ind(F,PS[t;]) = 



a-n-i 



bn Ojji — l bn drn 

(b) [1 : 0] is an irregular direction i.e. m + I < n. 

(b.l) m = 0,n > 1. We have (1,0) is a non-degenerate characteristic di- 
rection and, plugging in the definition of index by Hakim we obtain 
i//(F, [v]) = 0. However, the Abate index is not necessarily 0. 

Ind(F,P , [v]) = Reso 



(62 - oi)u2 + . . . 

On-l 



bn — On-l 

(b.2) m > 0,n > m + 1. In this case (1,0) is degenerate and we have the 
same than above: 



lnd{F,F\[v]) 



On-l 



bn — a„_i 

(c) [1 : 0] is an apparent direction i.e. n < m + 1. 
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(b.l) m < oo. In this case we have that « = is not a pole of k{u) and we 
have: 

lnd{F,V\[v]) =0. 

(b.2) m = oo. Also (1,0) is a degenerate characteristic direction. In the 
definition of index wc obtain: 

Ind(F,P\ [v]) = ResoO = 0. 

Let us summarize what we have in a table: 



Non-degenerate -> 



m \ n 


1 


2 


3 


4 







Fuchsian 


Irregular 


Irregular 


Irregular 


Irregular 


1 


Apparent 


Fuchsian 


Irregular 


Irregiilar 


Irregular 


2 


Apparent 


Apparent 


Fuchsian 


Irregular 


Irregular 


3 


Apparent 


Apparent 


Apparent 


Fuchsian 


Irregular 















With this notation we have the following theorems: 

Theorem 7. Let F be a germ of holomorphic self-map of tangent to the 
identity. Assume [v] is a degenerate characteristic direction that is Fuchsian. If 
Ind{F,F^,[v]) e R, where 



R 



CeC,5R(C) > 



m + 1 - m/{k - 1) 



> 



m + 1 + m/(fc - 1) 



c 



then there exists an open basin attracted to the origin along [v]. 



fe-i 



\ 



m + 1 



Figure 1. Region RcC. 
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In fact we can even be more precise, depending on the regularity of F (see Section 
4 for the definition of regular and Figure 2 for the precise region we obtain). 

Theorem 8. Let F be a germ of a holomorphic self-map of tangent to the 
identity. Assume [v] is a degenerate characteristic direction that is irregular. Then 
there exists an open basin attracted to the origin along [v]. 

If [v] is an apparent singularity, then as we see above, the index is always and 
the existence (or non-existence) of basins depends on the higher order terms of F 
(i.e. not only on {pk,Qk) but also on {pj,qj) for j > k). 

We investigate this case in a subsequent paper. 

Remark 1. In the case of the origin being dicritical, then we have r{u) = 0. We 
also have Pfc(l, u) ^ 0. (If pk = and the origin is dicritical, then we have qk = 0, 
but that is not possible since we are assuming Pk ^ 0.) Therefore we have: 

. y zVfc(l,^) + 0(z^-+^) 

kin) = lim = oo. 

In this case we say F is degenerate along P^. Abate also calls F degenerate along 
in [Ablj . and it is also called non-tangential to P^ in |Ab-Toj . 

3. Conjugacy to the translation 

We first prove a lemma which is a generalization of Hakim's theorem. 
Lemma 1. Let f = (/i, /2) germ of (C^, O) of the following form: 
fi{z,w) = z + z''+^w''[c + 0{z,w)] 



f2{z,w) = w + z''w^+'^[d + 0{z,w)] 
with c ^ Q, d ^ Q and a + h> 1; a,b non-negative. If c/d is such that: 

c b 



Re{c/d) > -- 
a 



2a 



b 

^ 2a 



then the map has a basin attracted to the origin. In this basin the map is conjugate 
to a translation {x,y) — >■ (cc + l,y). 

Proof. This lemma is a result of Hakim in the case 6 = 0. For b > we make a 
change of coordinates and transform our map into a germ of (C^, O) where we can 
apply Hakim's result, as follows. 

We introduce u — z'^w^. Then our map can be written as: 

Ul = u + u'^{ac + bd + 0{z, w)) 
zi = z + zu{c + 0(z, w)) 
Wl = w + wu{d + 0(z, w)) 

We can think of this map as a germ from C'^ to itself fixing the origin. The 
characteristic direction (1,0,0) is not degenerate. We compute Hakim's index, 
which in this case is a matrix. We have: 

P2{u, z, w) ~ {{ac + bd)u^ , czu, dwu) — {p2{u, z, w), (j'2(u, z, w)) 

with p2 £ C and q2 G C^. Then in Hakim's formula we get (see jHak] ) : 

r(ui, W2) = 52(1, ui,U2) - (ui, U2)p2(l,ui, U2) = {cui,du2) ~ [ac + M)(ui, U2) 



8 



LIZ VIVAS 



therefore 

(1 - a)c -bd 



Dr{ui,U2) 



-ac+{l-b)d 



Re ( ^ ) > — - and 



c b_ 
d^2a 



b_ 

^ 2a' 



..T, f(l-a)c-bd\ „ f(l-b)d-ac\ „ , , , . 

If Re ^ ——, — > and Re -^^ ——; — ) > then we have a basin. We 

\ ac + bd J \ ac + bd 

can see that this condition is equivalent to 

Therefore we have a basis in and applying Hakim's theorem, we know that it 

can be conjugated to a translation {x,y,t) {x,y,t + 1). Wc can intersect this 
basis with u = z°'w'' and we project in {z, w) and we will get the required basin in 

The following lemma will be used repeatedly in the proof of Theorem 2. The 
proof is rather technical so we divide it into a series of steps. 

Lemma 2 (Main Lemma). Let {xi,yi) = G{x,y) be defined as: 

xi =x + l + r]i{x,y) 

yi=y + - +V2{x,y) 

such that 

r]i(x,y) = O ( — , and r]2{x,y) = O ( with a > 0,b > 0,c> 0,d > l,e > 0. 

\x'^ y" J ya;" xy^ J 

Then there exists a domain V in and an injective holomorphic map ^ : F — >■ 
such that: 

(1) {x,y) e V then G{x,y) £ V; and 

(2) (l)oGo(p-^{u,v) ^ {u + l,v). 

Proof. We will prove the lemma in several steps. First we find V, and then we will 
find ^ as a composition of several change of variables. 
Define 

(3) V = VB.,N,e - {{x,y) G : Rc(.t) > R, |Arg(a;)| < e,Re{y) > R, \y\^ < \x\} 

We prove that for a large R, N and 9, then V is invariant under G. 

Choose N and R large enough, so that d-c/N > 1, so \0{y°/x^)\ < lOix""/^ /x^)\ = 
|0(l/a;''"=/^)| and |?7i(a:;,y)| < 1/10. Choosing 6 « 7r/4 we also have that 
\m{x,y)\ < l/{lO\x\) for aU {x,y) G V. 

We prove now that if {x,y) G V, then {xi,yi) G V. 

For the real part of Xi: 

9 9 

Re(a;i) = Re(a; + 1) + Re(r?i) > Rea; + 1 - > Rea; + Yo'^'^"^lo^"^' 

We compute the argument of a;i : 

ItanArgfe,)! < tan Arg(a:)| + 1/10 

|tanArg(a;i)|< Re(x) + 11/10 

If I tanArg(a;)| > 1/11, then we have 

. , Re(a;)| tan Arg(a;)| + 1/10 , , , 

^ Re(.) + 11/10 < l^^^^-^^^^^l 
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and therefore |Arg(a;i)| < |Arg(a;)| < 7r/4. If < |tanArg(a;)| < 1/11, then we 
have 

ItanArEf^c.ll < tan Arg(.)| + 1/10 Re(.)/ll + 1/10 

|tanArg(a;ij|< Re(a;) + 11/10 ^ Re(x) + 11/10 < 

and therefore |Arg(a;i)| < 7r/4. For the real part of yi: 

Re{yi) = Re{y + -(1 + x^)) = Re(y) + Re(i(l + xm)) 

X X 



and 



Re{-{l + xr,2)) 



> Re 



Re(l + xr]2) — Im 
Re(l + xr]2) — Re 



Ini(l + xr]2) 

Im(l + XT]2) 



= Re i^-j [Re(l + x^) - Im(l + xm)] 
= Re ( i ) [1 + Re{xTj2) - \va{xj]2)\ > 8/lORe ( - ) > 0. 



The last point: |yi| < |a;i|. We have from our estimates above: 



\yi 



X X 
xy y 



We use the estimates: 



and 



1 , mix,y) 



1 




2 




\x\- 




- w 




'I 



2 
5W 



^ I 1 I m{x,y) 

xy y 



N 



< 1 + 



22N 
10|a;y| 



Therefore: 



1 + J_ + !?^iM) 

xy y 



N 



< \y 



N 



1 



22N 
10\xy\ 



<\x\ 1 



2 

5H 



\xi 



if we choose \y\ > 22iV/4. So, we have V is invariant under the action of G. 
Now we will prove the second part of the lemma. 

We will separate some parts of the error terms and we'll deal with them first. 

Vi{x,y) = iJ.i{y) + pi{x,y) and xr]2{x,y) = iJ,2{y) + P2{x,y) 

where wc separate the terms that contain only pure y terms in both rji and xri2. 
Therefore wc have: 



pi{x,y) = O 



1 



and p2{x,y) = O 



y" 



< o 



„d-l-c/N 



and 



Mi(y) 



and /X2(y) = 
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Define f{y) an analytic solution of the differential equation in the projection of V 
to the second coordinate, for: 

(4) (1 + M2(j/))/'(y) + (1 + fiiiy))fiy) = i- 
We see that 

(5) f{y) = l + 0{^iufi2)^o(^^y 
with t > 0. 

The first change of variables we make is the following: 
{u,y) = cl)i{x,y) = {xf{y),y) 
Clearly 0i is injective, because of ([5]). Let us compute (ui, vi) ~ (j)o G o v): 

"1 ^xif{yi) = {x + I + ni{y) + pi{x,y)) f (y+ + + P2(^y) 

\ X X 



{x + l + + p,ix, yj) (^fiy) + f{y) 



= u + 1 + O ( — 



and 



, 1 + A'2(y) , P2{x,y) 
2/1=2/ + 



X xy 

1 + /^2(2/) _ 1 + At2(2/) ^ 1 + /-^2(2/) ^ P2{x,y) 
u u X xy 

. l+P2{y) l+P2{y) , l+/-i2(2/) , P2{x,lj) 

y H \ 1- 



y 



xy 



1 „ / 1 1 1 



2/ + - + — ,— 



Therefore, after conjugating G we obtain (ui,yi) = Gi{u,y) — 0oG'o0^i(u,?/): 

(6) ui = u + 1 + 

(7) 2/1 =2/+;^ + '^2('^i,2/)• 
where Ki{u,y) = O ( ^ ) and K2(u,y) = O ( — rrr )■ Let 

giu,y)= {1 + Ki{u,y)y^du 



be any indefinite integral of 1/(1 + ki) in the region V' . We can check easily that 
g{u, y) — u + O ( — |. Define the change of variables as follows: 

{s,y) = 02 (w, 2/) = {9{u,y),y) 
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We have (f)2 injective and we compute (si,7/i) = ^2 o Gi o (/)^^(s,j/). 

si = g{ui, yi) = g(u, y) + (ui - u)gu{u, y) + {yi - y)gy{u, y) + O (^guU, ^ 

= s+ (1 + Ki{u,y))gu{u,y) + (- 



=s+l+0 

and 



111 , , 

yi=y-\ 1 \-K,2{u,y) 

s s u 
= y + - + 0[—,— 

We can therefore write (si,j/i) = 62(5,2/) = 02 o Gi o 02 as follows: 



(8) si = s + 1 + O 



(^) 



We repeat the same procedure to get (ti,2/i) = Gz{t,y) = 03 o G2 o (j)^^(t,y): 
(10) ti=i + l + o(^i 

Let 7(t, ?y) = ti - t - 1 = O (^). For any (to, 2/0) e "l^", then we have X]j7(*i,2/i) 
is bounded. Therefore we can define the transformation {z,y) = (pAitjy) = {t + 
Ei>o7(*i'2/»)'y)- We define (^i,yi) = Gi{z,y) = 04 o G3 o 0J^(s, 2/), so we obtain 



{zi,yi) = 03(ti,2/i) = {ti +^l{U,yi),yi) 

= {t + l + 7(t, y) + Y^ i{ti, yi),yi) 

i>i 

= {t + l + ^ -f{ti, yi),yi) = {z + 1, yi), 



where 



i>0 



1 f I I 



z \y' z 2;^+^ 



Now we have the transformation {zi,yi) = G4{z,y): 

Zi = z + 1, 

yi =y-\ — \-^{y,z), 

z 
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where tnfy, z) — O ( , ) . We need one more transformation in y. We need 

\y'^z z'-+^ J 

to separate some terms in zTu{y,z) = O l/z*^) = ^{y) +■^1(2/1-2:) where 

T(y) = 0(1/2/^) and wi{y, z) = 0(l/z'). Define: 

h{y)= j{l + T{y))-^dy. 

Then: 

h{yi) = h[y) + (^^^ + 0(1/^'+')) h'{y) + 0{l/z^) 



h{y) + ^ + x{z,y) 



where x(z,y) = O 



(zi^) ■ ^^'^^^ " = 05 o G4 o 05 for 



(l)5{z,y) = {z,h{y)), then 

Zl = z + 1 

wi = if + - + xi(2,t«) 

where w) = 0(l/z"'"+^). 

We notice that for {zq, wq) G V" then X]i>o Xi{zi, Wi) is bounded. Therefore we 
can define: 

p{zo,yo) = ^xi(zi, Wj) 

and for the transformation (j)Q{z,w) = {z,w + p{z,w))) we will have (zi,wi) — 
G(){z,u) = 0g o G5 o 0^ {z,u); we have: 

Zl = z + 1, Ul = u H — . 

z 

in a region of the form V, as in ^ for appropriate R, N, 6. The following lemma 
concludes the proof of Lemma [H □ 

Lemma 3. // {xi, yi) = F{x, y) of the following form: 

Xi = X + 1 
1 

yi = y + - 

X 

in a region of the type V as above, then there exists a change of coordinates <j}{x, y) 
that transforms the region V to a region of the same type ( with possibly larger N 
and R ) and such that (zi, wi) — (j) o F o 4>~^{z,w) = (z + 1, w). 

Proof. Use the change of coordinates (z,u) = {x,y — ln(a;)) where we choose a 
branch of the logarithm. Then we can compute: 

Ul = yi — In(zi) ^ y -\ ln(x + 1) = u + \n{x) H 111(2; + 1) 

X X 

= u + ili{x) 

where ip(x) = 0(l/a;^). Then we can do the usual change: = uo + X]i>o(V-'(^j)) 
and we obtain wi = ui + Y,i>i{'^i.^i)) = + V'(a;o) + '}2i>i{'4'{xi)) = uq + 
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Si>o(^(^')) ~ '^O' obtain the desired conjugacy. Note that the condi- 

tion was |y|^ < |x| and this translates into < |a;|, since for large N and R we 

have I ln(a:)| < \x\^/^ for any N. □ 



4. Fuchsian Singularities 

In this section we will prove Theorem[7l The strategy is similar to the one above. 
We divide in different cases, change coordinates and then apply the lemmas proven 
in the last section. 

Proof of Theorem^ : We have two cases: either m — (in which case we have a 
non-degenerate characteristic direction) or m > (degenerate characteristic direc- 
tion) . 

4.1. Case (a.l): m=0, n=l. 

Fi{z,u) = z + z'' [qq + 0{z, u)] 
F2{z,u) = u + z''^^[ciu + 0{z,u'^)] 

and we know: 

• flQ 7^ and ci 7^ and 

• Ind(^,pi,H) =ao/ci 
where ci — bi ~ oq. 

Proposition 1. Let F be as above. Then if Re{Ind{F,P^, [v])) > there exists an 
open basin for F. 

Proof. This has already been proved by Hakim |Hak) . □ 

4.2. Case (a.2): m>0, n=m+l. 

Fi{z,u) =z + z'=[a„w™ + 0(z,M"+i)] 



F2{z, u)=u + z'^-i [c™+iu™+i + 0{z, m'"+2)] 
Proposition 2. Given F as above. If Ind{{F),P^ , [v]) = C ^ R, where 



R = UeC: Re{C) > 



r 



c- 



TO + l + m/(fc — 1) 



> 



, + 1 + m/{k - 1) 



then F has a basin attracted to the origin. 

Proof. We use the change of variables: 

z 



X 



In these coordinates we obtain 



,m-t-l 



xi^x + x'^M^'^'+'^-i [(1 -{m + l)/3) + 0{x, u)] 
ui = u + x''-^u"'''+''[/3 + 0{x,u)] 

We apply lemma 1, which was proved in the last section. 



Lemma 4. Let F — (/i,/2) where 

fiiz,w) = z + z''+^w''[c + 0{z,w)] 
f2lz,w) = w + z"w''+i[rf + 0(z,u;)] 
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Ifc/d is such that: 



Re{c/d) > — 



c b_ 



> 



2a 



then the map has a basin attracted to the origin. In this basin the map is conjugated 
to a translation {x,y) — >■ (x + l,y). 

In our case, 

a = k — l,b — mk + fc — l,c=l — (m + d — /3, 

and therefore: 
1 

This in turn becomes 



Re 



/ -, N 1 '^fc + k ~ 1 
- (m + 1) > ; : and 



k - 1 



1 , , mk + fc — 1 

^-("- + ^^+ 2(fc-l) 



mk 



> 



2{k - 1) 



and 



""'[-fir- ^-r 



1 mk + k — I mk + k — 1 

2(fc-l) ^ 2(fc-l) ' 



which is exactly the region: 



C e C,Rc(C) > -- 



c- 



m + 1 + m/{k — 1) 



> 



, + 1 + m/(fc - 1) 



□ 



We can say a httle more about other regions in C for which there will be a basin 
also. Recall the expression of F: 

( Fi(z,m) = z + z'=[m'" + 0(z,u™+1)] 

\ F2{z, u)^u + + pz + Oiz^,zu, 

We say F is regular if p 7^ (following Molino's terminology |Moj ) . 
A. is regular. We change variables: 

{t,u) = (t)iz,u) = (^,") 
and we get (ti, ui) = G{t, u) ~ (f) o F o (j)^^{t, u): 



ti=t + tfe-iM"/^-! [-mpt^ + (1 - mP)tu + 0{t^u, tu^)] 
ui ^u + t^-^u^^-^[ptu + Pu^ + 0{tu^,u^y\ 

Then we have one non degenerate characteristic direction: 

(l-(TO + l)/3,(m + l)p). 
The Hakim index for this non degenerate characteristic direction is 

-(m + l)(l-(m + l)/3). 

Using Hakim's theorem we know that ifRe(— (m + l)(l — (to + 1)/3)) >0 
we have a basin. Unraveling, we obtain: 



Re(/3) = Re 



1 



Ind(i^,Pi,H) 



> 



1 



771 + 1 ' 
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will guarantee the existence of a basin. Therefore Ind(i^,P^, [v]) is in the 
region: 



Ri = 



1 

2(m+ 1) 



< 



1 



2(m+ 1) 



B. F is not regular. Then p = and in the same change of variables we obtain: 

r ii =t + t'^u"'=[(l-m/3) + 0(t,M)] 
\ ui=u + t''-^u"'''+^\fi + 0{t,u)] 

Wc can apply Lemma 1 again, and therefore we get: if Ind(F, P^, [v]) is in 
the following region 



i?2 



C e C,Re(C) > -■ 



TO 



TO + to/ (fc — 1) 



> 



TO + to/ (/c — 1) 



then we do have a basin. 

Let us summarize. We do have a basin for Ind(F,P-'^, [v]) G RU S where S = 
i?i n i?2. If F is regular then we have a basin for Ind(F, P^, [ii]) G RU Ri and if F 
is not regular we have a basin for lnd{F, ,[v]) e RU R2. 





















ft 




Remark 2. When to = the region RuS is the whole right plane (minus the circle 
around S), which is Hakim's result. 
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5. Irregular characteristic directions 

Here we prove Theoreni|8l We divide it into the cases above and apply a change 
of variables. After that we apply the lemmas proven above. 

Proof of Theorem O : We will prove that there is a basin for F and therefore for 
F. Recall 

zi = z + z''[pk{l,u) + 0{z)] 
Ml =u + z''^^[r{u) + 0{z)] 

We divide in two cases: m = (as in Case (b.l)) and m > (as in Case (b.2)). 

5.1. Case (b.l): m=0, n>l. Then we have: 

zi = z + z'°[ao + 0{z, u)] 

Ui=U + z''-^[CnU'' + 0{z, 

with ao 7^ and c„ = 5„ — a„_i ^ 0. Using a linear change of coordinates for z we 
can assume ao = —1, and similarly for u we assume Cn — —1. 
Use the transformation 

1 /c- 1 

V 



(fc-l)z'=-i' " {n-l)u 

on a suitable open set, with the origin on its boundary. 
In these coordinates we have: 



(12) XI = x + l + O 



1 1 



j.l/{k-l) ' yl/(n-l) 



1 1 

(13) yi = y + - + 0'^ 



We will show how we got the expression for yi (the expression for xi is immedi- 
ate). 

i" + 0(z,w"+i)) 

u" + 0(z,m"+1)])""' 

fe— 1 \ 

■ [-u" + 0(z,m"+1)] I 

u J 

u 



Ui 




-z''-\- 










= m" 




1 




^1 - {n 






yi 




yi 




l + {n- 


yi 




1 + (n - 


yi 




X 



'{k~l)x 



We now apply Lemma [2J which concludes the proof in this case. 
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5.2. Case (b.2): m>0, n>m+l. We have am 7^ and ai — for all z < m and 

the analogous for Cj . 

Without loss of generality we assume am = — 1 and c„ = —1. 



ui =u + z'^-1[-u" + 0(z,m"+1)] 
We use the following change of coordinates: 

_ k~l _ (fc - !)("■ - m - 1) 

-.h — 1„.rr?' y ^.71 — m — 1 



In these coordinates we have; 
(14) xi = x + l + 



1 y (fc-l)(„-™-l) 



l/(n-m-l)' ^^l/C^-l) 



(15) 2/1 = y+- + 



n-m + k-2 + mk 
\ I y („-,Ti-l)(fc-l) 2 



J. I 1) ' j.yl/(n — m—l) j 

where the powers are chosen as a branch on a suitable open set. 

And once again we apply Lemma O □ 

Remark 3. In her paper |Mo) . Molino proves that (l,a) is a non-degenerate char- 
acteristic direction for the map: 

zi = z + z''[-l + 0{z,u)] 
ui^u + z''^^[cnu'^ - az + 0(z^,m"+^)], 
for the first case and also proves there exists a non-degenerate characteristic direc- 
tion (1' (m+i)a ) fo'" ™^P- 

zi = z + z'=[-m'" + 0(z,m'"+1)] 

ui =u + z'=-i[az-u" + 0(z2,u"+i)] 

for the second case. Therefore this proves that there exists a parabolic curve. 
Nonetheless there is no basin associated to these characteristic directions. It is an 
easy computation to show that the Hakim index associated to both is negative, 
which means that there is no basin along that direction. 

6. Basins as Fatou-Bieberbach domains 

Given an automorphism of with a fixed point (say the origin) and attractive 
(i.e. dF{0) has only eigenvalues with modulus less than 1) is a well-known fact that 
the basin associated to the fixed point, is biholomorphic to (therefore a so-called 
Fatou-Bieberbach domain) . 

If the automorphism is tangent to the identity. Hakim proved that the basin 
associated to the non-degenerate characteristic directions are also biholomorphic to 

We will prove in this section that, if the map tangent to the identity in Theorems 
1 and 2 is an automorphism of then the basins are biholomorphic to C^. 

Proving that a basin is biholomorphic to is in some sense a local statement. 
If we find a region V such that the map is conjugated in y to a translation ipo F o 
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(j) ^(z, w) ~ [z + 1, w) for (z, w) &W — 4>{V), then we can define a map from the 
enthe basin Q, — Ui>o ^ '(^) to as foUows: 

$ ^ 

<I>(p) =<^oF"(p)-(n,0) 

for any n such that F"{p) € V. It is standard to see that this map is well defined 
and independent of n. Then we can easily check that $ is injective, and therefore 
is a biholomorphism between 57 and its image 5'(i7)- 

Clearly $(ri) — lJn>o ^ ~ ("-lO)- Therefore, to prove that ft is biholomorphic 
to we have to prove that lJn>o ^ ~ ('^' 0) is all of C'^. 

Recall now that our region V' , before the last change of coordinates, is of the 
form V - VR,N,e = {{x,y) £ : Reix) > R, |Arg(x)| < 9,Re{y) > R, \y\^ < \x\} 
for some R, N, 6 in the Lemma 3. 

We then change coordinates as (z,m) — {x,y ~ ln(a;)) — ip{x,y), and our region 
V becomes W = = {{x,y) e : Re(a;) > i?, |Arg(x)| < 9,y e C}. We 

clearly have U„>o ^ " 0) = C^. 

All the basins we encounter in the Theorems 1 and 2 are therefore biholomorphic 
to C^, since all of them were, either conjugate to the translation in a region as 
above, or came from non-degenerate characteristic directions. In the latter case 
due to Hakim, we already have that they are biholomorphic to C^. 
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DEGENERATE CHARACTERISTIC DIRECTIONS FOR MAPS 
TANGENT TO THE IDENTITY 



LIZ VIVAS 



Abstract. Let F: (C^,0) — > {C'^,0) be a holomorphic germ tangent to the 
identity. Assume F has a characteristic direction [v]. In |Hakj Hakim gives 
conditions to guarantee the existence of an attracting basin to the origin along 
[v], in the case of [v] a non-degenerate characteristic direction. In this paper 
we give conditions to guarantee the existence of basins along [v] in the case of 
[v] a degenerate characteristic direction. 



1. Introduction 

In this paper we study the local dynamics of maps tangent to the identity at 
a fixed point. That is, we consider F: (C",p) -> (C",p) germs of holomorphic 
self-maps, such that F{p) — p, where p e C" and dF{p) — Id. Assume F ^ Id. 

When n = 1 the dynamics is described by the celebrated Leau-Fatou flower 
theorem. In the case of n > 1 recent progress has been made to understand the 
dynamics and significant results have been obtained (see, e.g., jAb-To| . jAb| . |Ec| . 
|Hak| ■ ^We\ . |Mo| . [VT] ) . However, we are still far from understanding the complete 
picture. 

We investigate conditions ensuring the existence of open attracting domains to 
the fixed point for maps tangent to the identity in dimension 2. Open domains are 
related to characteristic directions (see later for definitions). Characteristic direc- 
tions are in turn classified in three different types jAb-To] : Fuchsian, irregular and 
apparent; according to how 'singular' they are. Hakim [Hakj has given necessary 
conditions to guarantee the existence of basins for characteristic directions that are 
non-degenerate with non- vanishing index (a particular type of Fuchsian direction). 
We generalize her result for all Fuchsian directions as well as for irregular directions. 
Assume without lost of generality that p is the origin. Whenever the fixed point is 
clear from the context, we just say F is tangent to the identity. 

Our main theorems are the following: 

Theorem 1. Let F be a germ of holomorphic self-map of (C^, O) tangent to the 
identity. Assume [v] is an irregular characteristic direction. Then there exists an 
open basin V attracted to the origin along [v] . 

In addition, if F is an automorphism o/C^ then — \^ F^^{V) is biholomorphic 

i>0 

to €?. 

For the Fuchsian directions we have the following theorem. 
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Theorem 2. Let F be a germ of holomorphic self-map o/(C^,0) tangent to the 
identity. Assume [v] is a Fuchsian degenerate characteristic direction of F and the 
real part of the index /(_F,P^, [v]) belongs to the region R, where 

i?= |c e C,Re{C) > --^ 

Then there exists an open basin V attracted to the origin along [v] . 

In the statement of the second theorem k is the order of F and m is the order 
of vanishing of pk- We will explain m, k and pk in the next section. 




Figure 1. Region R c C. 



We can be more precise in Theorem[51 depending on the regularity of F (see Section 
4 for the definition of regular and Figure 2 for the precise region we obtain). 

In the next section we introduce the definitions and explain how our results are 
related to what is already known. We explain the classification of characteristic 
directions in apparent, Fuchsian and irregular directions. In Section 3 we prove the 
main lemmas used for the proof of the theorems. In Section 4 we prove Theorem 
1 and in Section 5 we prove Theorem 2. Finally, in the last section we prove that 
the global basin is biholomorphic to C'^ when F is an automorphism for the case 
of irregular directions. 

Acknowledgements: The author would like to thank Marco Abate, Eric Bedford 
and Han Peters for enlightening discussions about this paper. Also, deep thanks 
to Laszlo Lempert who commented on an earlier draft. Thanks also to the referee 
who suggested improvements on the paper. 

2. Notation and Background 

Let ^ Id be a germ of holomorphic self-map of C'^ fixing the origin and 
tangent to the identity. Let F{z, w) — {z, w) + Pk{z, w) + Pk+i {z,w) + . . . be the 
homogeneous expansion of F in series of homogeneous polynomials, where degPj = 
j (or Pj = 0) and Pk ^ 0. We say (and fix from now on) the order v(F) of F is k. 
The order of F is invariant under holomorphic change of coordinates. 



m + 1 — m/{k — 1) 



^m + l + m/(fc — 1) ^ 



DEGENERATE DIRECTION 



3 



Then [v] = [vi : V2] G P""^ is a characteristic direction for F if there is A G C such 
that Pk{vi,V2) — X{vi,V2)- If A 7^ 0, we say that [v] is nondegenerate; and when 
A = 0, we say [v] is degenerate. 

It is easy to see that either we have infinitely many characteristic directions or 
k + 1 characteristic directions, if counted with muhiphcities. In the former case we 
say the origin is dicritical; this case has been studied by Brochero-Martinez (see 
[Broj ). Characteristic directions arise naturahy in the study of maps tangent to the 
identity due to the fohowing fact: if there exist a orbit going to the origin tangent 
to a certain direction i.e. F'^{p) O and [F"{p)] [v] (where [•] : — >■ is the 
natural projection), then [v] is necessarily a characteristic direction ( [Hak] ) . 

A more convenient (and equivalent) way to define characteristic directions comes 
from blowing-up F. Let M be the blow-up of at the origin, and E C M the 
exceptional divisor. Then F induces a map F from a neighborhood of E in M to 
M, such that F\e = Id. 

In the chart (z, u) — {z, w/z) for the blow-up F — {Fi, F2) of F, we obtain: 

(1) Fi{z,u) = z + z''[pk{l,u) + 0{z)] 

F2{z, u)=u + z^-^ [r{u) + 0{z)] , 

where r{u) = gfc(l, u) - upkil, u). 

Then [v] = [1 : Uo] is a characteristic direction of F if r{uo) = 0. If Pk{^, Uq) ^ 
(or pfe(l, Uo) — 0) then [v\ is non-degenerate (or degenerate). The origin is dicritical 
if r{u) = 0. Assume from now on that the origin is not dicritical. 

In order to give a condition on the existence of basins for a non-degenerate 
characteristic direction. Hakim [Hak defines the index of F at the direction [v] — 
[1 : Uo] as follows: 

r'{uo) 



Pfc(l, Uo) 

With this definition Hakim proves: 

Theorem 3. / |Hak) j Let F he a germ of holomorphic self-map ofC"^ fixing the ori- 
gin and tangent to the identity. Let [v\ he a nondegenerate characteristic direction. 
Assume that Re{iH{F, [v])) > 0. Then there exists an open domain, in which every 
point is attracted to the origin along a trajectory tangent to [v] . 

We now explain the distinction between characteristic directions as defined by 
Abate and Tovena on |Ab-To| . 

Let m and n be the order of vanishing of pfc(l, u) and r(u) at w = Uo, respectively. 
Then: 

a. If 1 + TO = n, we say [1 : 0] is a Fuchsian characteristic direction. 

b. If 1 + TO < n, we say [1 : 0] is an irregular characteristic direction. 

c. If 1 + TO > n or m = 00, we say [1 : 0] is an apparent characteristic direction. 

The definitions above are invariant under holomorphic change of coordinates. 
Abate defines the index of F at the characteristic direction v = [1 : Uo] (which is the 
point w = Uo in the exceptional divisor) as the residue of an (a-priori) meromorphic 
function, as follows: 

Ind(F,P\H) = Res„=„„fc(w) 

where k(u) = lim — — ^ . 

z-^o z{F2{z,u)~u) 
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In terms of pk and qk we obtain Ind(i^, ] 



r{u) 



Let us assume from now on that Uq — 0, i.e. [v] = [1 : 0] is a characteristic 
direction (this is easy to do by rotating F). In term of the coefficients of pk — 
^*L-^ fliW* and qk — ^i^ibiu' , the fact that [1 : 0] 
imphes bo — 0, and r(u) = (6i — ao)u + (62 — ai)u'^ + . 



is a characteristic direction 



+ {bk - ak-i)u'' 



■ akU 



k+l 



Then m — min{/i G N, a?i 0} and n — min{j e N, bj — aj-i ^ 0}; for m and 
n defined as above. In the case of pk = 0, then we say m = cxd. Since r(u) does 
not vanish identicahy (because we are assuming that F is not dicritical) we have 

An easy computation shows that the index defined by Hakim is iniF, [v]) — 
, when [1 : 0] is a non-degenerate characteristic direction. Abate's index can 



also be computed in terms of and bk ■ 
in each one of them. 



We divide in cases and compute the index 



(a) [1 : 0] is a Fuchsian direction (m+1 = n). Then Ind(_F, P"'^, [v]) = 
In particular, for m — and n—1, we obtain Ind(i^,P^, [v]) 

(b) [1 : 0] is an irregular direction (m+1 < n). Then Ind(-F', P""^, [v] 



bn 



bn — On-l 

0, in which case [1 : 0] is non-degenerate, 



Note that we could still have m 
but iniF, [v]) = 0. 

(c) [1 : 0] is an apparent direction (n < m+l). In this case we have that u 
is not a pole of k{u) and Ind(F, P^, [v]) =0. If to = c», then k{u) = 0. 
Let us summarize what we have in a table: 







Non-degenerate 



m \ n 


1 


2 


3 


4 







Fuchsian 


Irregular 


Irregular 


Irregular 


Irregular 


1 


Apparent 


Fuchsian 


Irregular 


Irregular 


Irregular 


2 


Apparent 


Apparent 


Fuchsian 


Irregular 


Irregular 















We say that an open set V is attracted to the origin along [v] if every point p 
is attracted to the origin along a trajectory tangent to [v]. We say then that V is 
a basin along [v]. 

Then Theorem [T] say that, if [v] is irregular, then there is always a basin along 
[v], independent of the value of Ind(i^, P^, [v]). Theorem [2] say that there is a basin 
along [v] for [v] Fuchsian, if Ind(F,P^, [v]) belongs to the region indicated above. 

Remark 1. If [v] is an apparent singularity, then as we see above, the index is always 
and the existence (or non-existence) of basins depends on the higher order terms 
of F (i.e. not only on {pk,qk) but also on {pj,qj) for j > k). We investigate this 
case in a subsequent paper. 

Remark 2. In the case of the origin being dicritical, then we have r{u) = 0. We 
also have pk{l,u) ^ 0. Therefore k{u) = 00. In this case we say F is degenerate 
along P^. Abate also calls F degenerate along P^ in |Ab| . and it is also called 
non-tangential to P^ in [Ab-To| . 

3. Conjugacy to the translation 

We first prove a lemma which is a generalization of Hakim's theorem. 
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Lemma 1. Let f = (/i, /2) germ of (C^, O) of the following form: 



fi{z,w) ^ z + z''+^w''[c + Oiz,w)] 
f2{z,w) = w + z'^w''+'^[d + 0{z,w)] 

with c 7^ 0, d ^ and a > 1. b > 0, a and b integers. If c/d is such that: 



Re{c/d) > 



and 



b 

2a 



> 



2a 



then the map has a basin attracted to the origin. 



Proof. We will use a result of Hakim to prove the lemma. Let us rewrite the explicit 
statement of Hakim's result (p. 426 in |Hak] ) . Given the self-germ F = {(/), 4') of 
(CP,0): 

xi — <j){x, u) — X — + O (||u||a;^, x^ logo;) 
ui = '^{x,u) = (/ - xA)u + O (llullx^loga;, ||w|pa;) 

Assume the eigenvalues of A are {ai, ap_i} and Re(aj) > O,forallj — l,...,p—l. 
Then there exists an open set of the form: 

V ^ {x eC; \lmx\ < ^fRex, \x\ < p} x {\\u\\ < c} 

for some p,c> small enough, and < 7 < Re{aj) for all j; such that F{V) C V. 
Even more for every p ^ V, we have F'^{p) — > O. 
For & = we have the transformation 

" fi{z,w) = z + z'^+i[c + 0(z,w)] 
/2(2, w) = w + z°w[(i + 0{z, w)] 

Assume c > 0. If we change coordinates x = —acz'^ and u — w, we obtain the 
following germ: 

" =x-a:2 + 0(||^i||a;l+l/^a;l+2/'») 
ui = {1 ^ f^x)u + O {\\u\\x^+^^-,\\u\\^x) 

Then we obtain an open basin when Re(c?/ac) > 0, which is exactly Re(d/c) > 0. 

For 6 > we make a change of coordinates and transform our map into a germ 
g of (C^,0) where we can apply Hakim's result, as follows. Assume ac + bd ^ 0. 



We introduce n{z, w) 
— (ac + bd)z°-w'^ then: 



(— (ac + bd)z°'w , Zjw). It is easy to see that, if x = 



Therefore / induces a map from 
we obtain that g is of the form: 



Xl — X — x^ + 0{zx^ , wx^). 

to itself fixing the origin: tt o f — g o tt. And 



Xl — X — x"^ + 0(||u||a;^) 
ui = (/ - xA)u + O {WuW^x) 

where u = {z,w)'^ and A is the matrix with diagonal elements 



and 



ac+bd ac-\-bd ' 

Using Hakim's result above, we obtain that there is an open set V such that g is 
invariant, if ^^{ ac+bd ^ ^ ^^(acTbs) ^^^^ that this condition is 

equivalent to 
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Therefore we have a basin in C"^. To obtain a basin U in we need to project 
back U = n~^{V). It is easy to see that this set is not empty. More precisely: 



U = {iz,w) eC\\lm{-{ac + bd)z''w'')\ < jRe{-{ac + bd)z''w''),\zV\ < ^^^_^_j^^y . 
\z\ < c,\w\ < c}. 

So, we obtain f{U) C 17 and if p e U, then /"(p) O. □ 

The following lemma will be used repeatedly in the proof of Theorem 2. The 
proof is rather technical so we divide it into a series of steps. 

Lemma 2 (Main Lemma). Let {xi,yi) = G{x,y) be defined as: 



2/1=2/ + - +'72(2;, 2/) 



such that 



mix,^) = O i — and r]2{x,y) = O with a > Q,b > 0,c> 0,d > l,e > 0. 

\x"- y" J xx"- xy^ ) 

Then there exists a domain V in and an injective holomorphic map (j): V ^C? 
such that: 

(1) {x,y) G V then G{x,y) G V; and 

(2) (t)oGo(l)-'^{u,v) = {u + l,v). 

Proof. We will prove the lemma in several steps. First we find V, and then we will 
define as a composition of several change of variables. Define: 

(2) V = VR,N,e = {{x,y) e : Re(ar) > R, \Avg{x)\ < e,Re{y) > R, |2/|^ < 

We will prove that for a large i?,, N and 0, V is invariant under G. 

Choose TV audi? large enough, sothatd-c/N > 1, so \0{yyx'^)\ < lOix"/^ /x'^)\ = 
\0{l/x'^-''/^)\ and \m{x,y)\ < 1/10. Choosing 6 « w/A we also have that 
|?72(x,2/)|< 1/(101x1) for all {x,y)eV. 

We prove now that if {x, y) G V, then {x\,yx) G V. 

For the real part of x\: 

9 9 

Re(a;i) = Re(a:: + 1) + Re(?7i) > Rex + l-\r]i\> Rex + Yo'^'^"^10^'^" 

We compute the argument of Xi : 

ItanArgfx,)! < Arg(x)| + 1/10 

|tanArg(xi)|< Re(x) + 11/10 

If I tan Arg(x)| > 1/11, then we have 

. , Re(x)|tanArg(x)| + 1/10 , . , 

l^^^^-^^^^^^l ^ Re(x) + 11/10 < l^^^^-^^^^^l 

and therefore |Arg(xi)| < |Arg(x)| < 7r/4. If < |tanArg(x)| < 1/11, then we 

have 

ItanAr^fr M < M^:)! tan Arg(x)| + 1/10 Re(x)/ll + 1/10 
|tanArg(xi)| < ^-^-^-—j- < ^^^^^^^^^^^ < I/H 
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and therefore |Arg(xi)| < 7r/4. For the real part of yi: 



Re(t/i) = Re{y + -(1 + xi^2)) = Re{y) + Re(-(1 + xri2)) 



and 



Re(-(1 + a;r?2)) > Re - Re(l + x^) - Re - Im(l + xm) 

X \ X / \ X / 

= Re [Re(l + xr/a) - Im(l + x^2)\ > 8/lORe > 0. 
We prove now the last point: |yi|^ < We have from our estimates above: 



\xi\ = \x\ 



1 + - + 



We use the estimates: 



1 + 1 + '^i(^'y) 

X X 



and 



> 



|yi| = |y| 



^ 1 V2{x,y) 



xy 



and 



Therefore: 



i2/ir = iyr 



^ ^ 1 ^ V2{x,y) 
xy y 



N 



< 1 + 



1 + 



22N 
I0\xy\' 



51x1 



^ ^ 1 ^ r]2{x,y) 
xy y 



N 



<|yr (1 + 



22N 
W\xy\ 



<\x\ I 



2 

5\x\ 



if we choose \y\ > 22N/A. So, we have V is invariant under the action of G. 

Now we will prove the second part of the lemma. We will separate some parts of 
the error terms and we'll deal with them first. We separate the terms that contain 
only pure y terms in both r}i and xr]2'- 



Viix,y) = miy) + pi{x,y) and xr]2ix,y) = H2{y) + P2{x,y). 



Therefore: 



and 



pi{x,y) = O ( — ) and P2{x,y) = O 



1 



„d-l 



< o 



1 



d-l-c/N 



= ( 3 ) and ^2(2/) = ( ^ 



yu 



Define f{y) an analytic solution of the differential equation in the projection of V 
to the second coordinate, for: 



(3) 



We see that 



(4) 



(l+M2(2/))/'(2/) + (l+Mi(2/))/(2/) = l- 



f{y) = 1 + 0{iiup2) = 1 + O ( ^ ) , t > 0. 



The first change of variables we make is the following: 

{u,y) = 4)i{x,y) = ixf{y),y) 
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Clearly 4>i is injective because of ([4]). Let us compute (ui, wi) ^ (f> o G o ip ^{u,v) 

1 + M2(y) , P2{x,y)^ 



ui =xif{yi) ^ {x + 1 + ^ii{y) + pi{x,y)) f y + 



X X 



(x + l + ^H{y) + Pl{x,y))[f{y) + ny)^-^^^ + 0^ ^ 



= U+ 1 + O 

and 

. 1 + M2(;/) , P2{x,y) 1 + M2(y) 1 + M2(y) , 1 + M2(y) , P2(a:,?/) 

2/1 = y H 1 = ?/ H \ \ 

X xy u u X xy 

= y+- + 0[ — ,— 

Therefore, after conjugating G we obtain = Gi{u,y) = (j)oGo(f)~^[u,y): 

(5) ui = M + 1 + Ki{u,y), 

(6) 2/1 =y+i + K2(u,2/). 

where ni{u,y) = O ( ^ ) and H2{u,y) = O ( ^rr )■ Let 



9iu,y) = / (1 + ^du 



be any indefinite integral of 1/(1 + ki) in the region V' — <p{V). We can check 
easily that g{u, y) = u + O (— )■ Define the change of variables as follows: 



{s,y) = (f>2{u,y) = {g{u,y),y) 
We have (f>2 injective and we compute (si, yi) — (j)2 ° Gi ° 4'2^i^^ v)- 

1 



si = g{ui,yi) = y) + (-"i - y) + [yi - y)9v{u, y) + 0\ 

= s + {l + Ki{u,y))gu{u,y) + o{-] =s + l + ^ 



U I \u 



and 



111 , , 1^/11 

2/l=2/^ \ ^ i^2{u,y) = 2/ H h O 



S S U S V2/ s S^^^'^ 

We can therefore write (si, 2/1) = 62(5, 2/) = 02 o Gi o 02"^(s, 2/) as follows: 

(7) Sl=S + l + 0(i), y^=y+-+0(^,^^ 

\s J s \y s s^^'^ 

We repeat the same procedure to get (ii,2/i) — G'i{t,y) — (j):} o G2 o (j)^^{t,y): 

(8) ^i = t + i + o(^), ^i-^ + 7 + o(-L,-i 

Let 7(t,y) = - f - 1 = O(^). For any (io,2/o) e = M<p2{V')), the 
sum '^ij{ti,yi) is bounded. Therefore we can define the transformation {z,y) — 
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Mt,y) ^ {t + Ei>o7(^i,2/i)>y)- Define {zi,yi) = G4{z,y) = (pi o d o (f)^ ^{s,y)- 
Then: 



{zi,yi) = 03(^1, yi) = (^1 + ^i{ti,yi),yi) (t + '^ + iit-.y) + ^i{U,yi),yi) 

i>i 

= (< + l + ^7(t„y,),yi) = (z + l,yi), 



i>0 

where 



Now we have the transformation (zi,yi) = 6*4(2,7/): 

1 , , 

zi = z + 1, yi^y-\ h nj[y,z); 

z 

where tnfy, z) = O ( , ) . We need one more transformation in y. We need 

yy'^z z'-+^ J 

to separate some terms in zwly^z) — O {l/y"^ ,1/ z'^) = +TUi{y,z) where 

T(y) = 0(1/?;^) and n7i(y,z) = 0(1/ z'). Define: 



hiy)= J il + Tiy))-'dy. 

Then: 

Hyi) = h{y) + (ii^ + 0(1/^'+^)) h'{y) + 0(l/z2) = + 1 + x(z, y) 

where = O (^^TTl) ' ^'^ ^^'^^^ ^^'^^ " G^{z,y) = 050640 0jri(z,y), for 

(l>5{z,y) = {z,h{y)), then 

zi=z + l, wi = w H hXi(-ZiW^); 

z 

where xi(z,w) = 0(l/z^+^). 

We notice that for {zq^wq) £ V" ~ (l)4{V") the X]i>o bounded. 
Therefore we define: 

p{zQ,yo) = ^xi{zi,m) 

i>Q 

and using the transformation (t>e{z, w) — (z, w+p{z, w))) we define finahy (zi, ui) = 
Ge{z,u) = (f>eoG5 0(f>^^{z,u). Then: 

Zi = z + 1, Ui = u-\ — , 

z 

in the region W — <j)Q{(l)5{V"')). It is immediate that W is the same type of region 
as V, as in ([2]) for appropriate R, N, 9. The fohowing lemma concludes the proof 
of Lemma [21 □ 

Lemma 3. // (xi, yi) — F{x, y) of the following form: 

1 

Xi=x + \, yi=y+- 

X 

in a region of the type V as above, then there exists a change of coordinates (/>(a;, y) 
that transforms the region V to a region of the same type ( with possibly larger N 
and R) and such that (zi, wi) — (po F o (j>^^{z, w) ~ {z + 1, w). 
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Proof. Use the change of coordmates {z,u) — (x,y — ln(x)) where we choose a 
branch of the logarithm. Then we can compute: 

Ml = iji — hi(zi) = y ^ ln(a; + 1) — u + \n(x) H ln(a; + 1) 

X X 

— U + Tpix) 

where ip{x) — 0{l/x'^). Then we can do the usual change: wq = uo + J2i>oi''Pi^i)) 
and we obtain wi ^ m + J2t>ii^{^i)) = uo + ipixo) + 'l2t>i{'^i^i)) = uo + 
X]i>o(^(^i)) ~ "^o- We get the desired conjugacy. Note that the condition was 
|y|^ < I a; I and this translates into < since for large N and R we have 

|ln(x)| < for any iV. □ 



4. Irregular characteristic directions 

Here we prove Theorem[TJ We divide it into cases and apply a change of variables. 
After that we apply the lemmas proven above. 

Proof of Theorem [IJ : We will prove that there is a basin for F and therefore for 
F. Recall what F, the blow-up of F, looks like (P): 

zi = z + z''[pk{l,u) + 0{z)] 
ui=u + z''^^[r{u) + 0{z)]. 

We divide in two cases: m = (Case (b.l)) and m > (Case (b.2)). 

4.1. Case (b.l): m=0, n>l. Then we have: 
(9) zi = z + z''[ao + 0{z,u)] 

Ui^U + z''-^[CnU" + 0{Z, 

with flQ 7^ and Cn = bn — On-i 0. Using a linear change of coordinates for z we 
can assume oq = —1, and similarly for u we assume c„ = —1. 
Use the transformation 

1 k~l 
V 



(fc-l)zfe-i' {n-l)u 

on a suitable open set, with the origin on its boundary. 
In these coordinates we have: 



(10) xi = x + l + O 



1 1 



2,l/(fc-l) ' yl/(n-l) 



1 1 

(11) yi - y + - + 0'^ 



X Y2.fc/(fc-l) ' ^yn/(«-l) 

We will show how we got the expression for yi (the expression for is immedi- 
ate). Since ui= u + z''^^(-u" -I- 0(z,m"+^)) then 

= (m + z'^-1[-u" + 0(z,m"+1)])""' (^IH-^ [-M"-|-0(z,u"+i)]j 
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and substituing: 

1 1 



1 - (71 - + O —^z^-'vl 

yi y \ \u 

yi = y(^l + {n-l)z''-^u''-^ + o(^^,z''-'^u'' 
2/1 = 2/ + - + O ' ^ 



We now apply Lemma [2l which concludes the proof in this case. 

4.2. Case (b.2): m>0, n>m+l. We have Um 7^ and Oi = for all z < m and 

the analogous for Cj . 

Without loss of generality we assume — and c„ = —1. 

(12) zi = z + z'=[-u™ + 0(z,u™+i)] 

ui^u + z'^-i [-u" + 0{z, 

We use the following change of coordinates: 

k — 1 — 1)(^ — m — 1) 

*^ ..h — l^.m' y ^ .'n — rn — 1 



In these coordinates we have: 

/ 1 y (fc-l)(„-m- 

(13) Xi = .T + 1 + O — — , , ,,, ■.. 

^ ^ ' --l/{n — m — 1)' j.l/{k — l) 



(14) yi = y+- + 

X 



y 

1 / y I 



j.k/{k—l) ' j,yl/{n—m—l) 



where the powers are chosen as a branch on a suitable open set. 

And once again we apply Lemma [2l □ 

Remark 3. In her paper |Mo) , Molino proves that (l,a) is a non-degenerate char- 
acteristic direction for the case of [v] irregular and to = as in ([9]): 

zi= z + z''[-l + 0{z,u)] 

ui =u + z''^'^[cnu" - az + 0(z^,m"+^)], 

Also she proves that there exists a non-degenerate characteristic direction (1, -fj^^i^jj^) 
for the map: 

zi = z + ;z'=hu™ + 0(z,w"+l)] 

ui =u + z'=-i[az-u" + 0(z^u"+i)] 

the case of [v] irregular and to = as in ((T2|) . Nonetheless there is no basin 
associated to these characteristic directions. It is an easy computation to show 
that the Hakim index associated to the direction is negative, in both cases, which 
means that there is no basin along that direction. 
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5. Fuchsian Singularities 

In this section we will prove Theorem[2l The strategy is similar to the one above. 
We divide in different cases, change coordinates and then apply the lemmas proven 
in the last section. 

Proof of Theorem\^ : We have two cases: either m = (in which case we have a 
non-degenerate characteristic direction) or m > (degenerate characteristic direc- 
tion). 

5.1. Case (a.l): m=0, n=l. 

Fi{z,u) = z + [ao + 0{z, u)] 
F2{z,u) = w + z'="i[ciM + 0(z,w2)] 

and we know: 

• uq ^ and ci ^ and 
. Ind(F,pi,M) = ao/ci 

where ci — bi — ao- 

Proposition 1. Let F be as above. Then if Re{Ind{F,P^, [v])) > there exists an 
open basin for F. 

Proof. This has already been proved by Hakim |Hakl . □ 

5.2. Case (a.2): m>0, n=m+l. 

Fiiz,u) = z + z'^K.u'" -f 0{z, u"+i)] 

F2{Z, U)^U + Z*^-! [C™+1U"+1 + 0{Z, u"+2)] 

Let us rewrite our theorem for the case of [v] Fuchsian and degenerate. We write 
it as a proposition. 

Proposition 2. Given F as above. If Ind{{F),V^ , [v]) — € R, where 

m + 1 + m/{k — 1) 



UeC: Re{C) > 



k-1 

then F has a basin attracted to the origin 

Proof. We use the change of variables: 

z 



^ TO + l + m/(fc — 1) 



> 



X 



u 



m+1 



In these coordinates we obtain 



xi=x + x'=w'"*=+'=-i[(l -{m + 1)13) + 0{x, u)] 
ui=u + a;*^-! [/3 + 0{x, u)] 



where B — , in We apply lemma 1, which was proved in the last section. 

Let us recall it here. 

Lemma. Let F = (fi, f2) where 

fiiz,w) = z + z''+^w''[c + 0{z,w)] 
/2(z, w)^w + [d + 0{z, w)] 
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Ifc/d is such that: 



Re{c/d) > 



c b 



> 



2a 



then the map has a basin attracted to the origin. In this basin the map is conjugated 
to a translation {x,y) — >■ (x + l,y). 



In our case, 



and therefore: 



/I , A mk + k-1 
Re ( - - (m + 1) I > and 

This in turn becomes 



l,b = mk + k - l,c = 1 - {m + l)/3, d = 13, 

mk + fc — 1 



> 



mk 



2(fc- 1) 



„ , 1 \ ™ 



and 



1 , , m,k + fc — 1 



> 



mk 



1 



which is exactly the region: 



C e C,Re(C) > -- 



c- 



TO + 1 + m/{k — 1) 



> 



2(fc-l) ' 
TO + 1 + m/{k — 1) 



□ 



We can say a Httle more about other regions in C for which there wiU be a basin 
also. Recall the expression of F: 

Fi{z,u) ^ z + + 0{z, 



F2iz, u) = u + z'=-i[/?u™+i +pz + 0(z^ ZU,li"+2)] 

We say F is regular if p 7^ (following Molino's terminology |Mo] ) . Assume F is 
regular. We change variables: 

it,u)^(j){z,u) = 

to obtain {ti,ui) — G(t, u) ^ (p o F o 4)^^{t, u): 

ti=t + t'^-iu^'^-i [-mpt^ + (1 - mp)tu + Oifu, tu^)] 
ui = u + t^-^u^^-^[ptu + (iu^ + 0{tu^,u^)] 
Then we have a non degenerate characteristic direction (1 — (to+1)/?, {m+\)p). The 
Hakim index for this non degenerate characteristic direction is — (m+l) (1 — (to + 
Hakim's theorem says: if Re(— (m + 1) (1 — (to + l)/3)) > then we have a basin. 
Unraveling, we obtain: 



Re(/3) = Re 



1 



> 



1 



Jnd(F,pi,H)/ TO+r 

will guarantee the existence of a basin. Therefore, we have a basin if Ind(F,P^, [v]) 
is in the region: 



S 



C 



2(to + 1) 



< 



2(to+ 1) 



Let us summarize. We do have a basin for Ind(i^,P^, [v]) E R. If F is regular 
then we have a basin for Ind(F,P^, [v]) G i? U 5. 
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Figure 2. Region R and 5*. 



□ 

Remark 4. When m = the region RUS is the whole right plane (minus the circle 
around S), which is Hakim's result. 

6. Basins as Fatou-Bieberbach domains 

Given an automorphism of with a fixed point (say the origin) and attractive 
(i.e. dF{0) has only eigenvalues with modulus less than 1) is a well-known fact that 
the basin associated to the fixed point, is biholomorphic to (therefore a so-called 
Fatou-Bieberbach domain) . 

If the automorphism is tangent to the identity, Hakim proved that the basin 
associated to the non-degenerate characteristic directions are also biholomorphic to 

In this section we prove the second part of the Theorems [T] That is, if the 
map tangent to the identity is an automorphism of then the basin defined as 
n = U„>Q F-"{V) is biholomorphic to C^. 

Proving that a basin is biholomorphic to is, in some sense, a local statement. 
If we find a region V such that the map is conjugated in V to a translation <j)o F o 
4)~^{z, w) — {z -\- 1, w) for (z, w) ^ W = 4>{V), then we can define a map from the 
entire basin — lJj>Q F^'^[V) to as follows: 

$(p) =0oF"(p) - (n,0) 

for any n such that F"{p) e V". It is standard to see that this map is well defined 
and independent of n. Then we can easily check that $ is injective, and therefore 
is a biholomorphism between and its image $(57). 

Clearly $($7) = Un>o ^ ~ ("-lO). Therefore, to prove that fl is biholomorphic 
to we have to prove that Un>o ^ ~ ^) 
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Recall now that our region V' , before the last change of coordinates, is of the 
form V = VR,N,e - {{x,y) G : Re{x) > R, |Arg(x)| < ^,Re(y) > i?, \y\^ < \x\} 
for some R, N, 9 as in Lemma 3. 

We then change coordinates as {z,u) = [x.y — ln(.x)) = ip{x,y), and our region 
V becomes W = = e : Re(z) > R, |Arg(z)| < 9,Re{u + ln{z)) > 

R, \u + ln(z)|^ < \z\ e C}. We clearly have lJ„>o W - (n, 0) = C^. 

Therefore we proved that = lJn>o is biholomorphic to C^, for V as in 

Theorem 1. 

However, for the basins that occur in Theorem 2 we cannot say if they are 
biholomorphic to C^, since we did not find a conjugacy to the translation for 
the local basin, in Lemma 1. When F is regular and a biholomorphism, then 
if Ind(-F',P^, [v]) G S the basin associated to the non-degenerate characteristic di- 
rection is indeed biholomorphic to C^, as Hakim's theorem says. 
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